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Assessment Schedule — 2005
Scholarship Mathematics with Calculus: (93202)

Evidence Statement

As shown in the schedule below, either a seven-point marking scale (0-6), or a nine-point
marking scale (0-8), was used to assess the questions.

Question Evidence Code | Judgement

ONE |7°-1=0 6
@ |a’-1=0
(a—l)(a4+a3+a2+a+l)=0
but a is complex so
a'+a’+a’+a+1=0

at+ai+at+a=-1.

Sum ofroots is a¢* + &> +a* + o = -1 from above. 2

Product of roots is (a + a4)(a2 + a3) =a’+at+a’+a’

: No
But o’ =1 simplification:
—1 mark.

a+at+at+a =a’+at +a+at=-1 No ‘hence’:
o —1 mark.

hence the equation is: no sum of

. roots: max. 4
7+z-1=0. marks.

ONE
(b)(i) 4 6

Y

Either

As shown following, BE is perpendicular to the x-axis (by symmetry,
congruent triangles, AXB and AXE, SAS).

Al rights reserved. No pa ssion of the New Zealand Qualifications Authority.
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Question Evidence Code | Judgement
ONE
(b)) 4
contd | B
C ’/
D ~
E
So BE = 25,
but
BE = CE (triangles ABE and DEC congruent SAS)
So CE =25b.
Or
o o Accept
/BOA = 5 (72°) and OB =2, hence b = 2sin R degrees.

Triangle COE is isosceles (CO = EO = 2).

So CY =EY = 2sin2?7E =b and so CE = 2b.
Alternative for this last step is the cosine rule:

4
CE2=22+22—2'2°2COS?TC

CE? =8(1—cos4?n)

= 8(1-(1-2sin22—“)) - 8(2sin22—“) - 16sin22—“
5 5 5

and CE =4sin2?fE =2b.

Answer must
be in terms of
b.

Accept
decimals if =
2b. If answer
from decimals
is only
inferred: —1
mark.
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Question

Evidence

Code

Judgement

ONE
(b)(ii)

F =(1,-1)

Either
Using calculus, by Pythagoras’ theorem, and W = (¢,7)

AW =y(2- 1) +7 =Na-41+27
FW=\/(t—1)2+(z+1)2 22 s2 2P+l

AW + FW = V4414262 42472 +1

d(AV\;+ FW)  2(t-1)

a L

\/4—4t+2t2 241

_ d(AW+FW)
so for a max. / min. d— =0
t

and so

2(¢-1) t
— 2 =0
V4 - 41 + 2¢* 2 +1

4(1-1 (2 +1) =202 (4 - 41+ 2% ) = 4 (220 + 12
(2 -2041)(2 +1)= 2 (2-20 +42)
tr -2 w2 2 +1=202 =28 4t

2t+1=0, t=l.
2

AW+FW=\/4—4(%)+2(%)2 2 (%)2 1
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Question Evidence Code | Judgement
ONE =,/21+J§\/171=,/21+,/2l=2\ﬁ=ﬂ.
(b)(ii) 2 4 2 2 2
contd
Or:

Geometrically, let A" be the reflection of A in the line y = x that W lies
on.

So A" =(0,2).

Then AW = A'W and the minimum value of A'W + FW is when A'F
is a straight line (ie for the point W, as shown above).

Here

A'W,+FW,=AF

and by Pythagoras’ theorem

AF=v1?+3% = \/ﬁ , the minimum value.

Or:

Gradient of AF = gradient of the line y = x that W lies on.
So they are parallel. Hence the minimum distance is when WAF is an
isosceles triangle, and the line from W is perpendicular to AF.

Hence AW + FW =2AW =2FW

Equation of AF is y = x — 2 and perpendicular distance between the
lines = 2 sin 45° = 2
AF? =12+ (-1)* =2 so

AW2=(\/5)2+(g)2

and minimum AW + FW =2AW =2 §=’\/E

Accept 3.162
or decimal
equivalent.
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TWO
(a)

The equation of the circle (x - a)2 +(y- b)2 =r?

The point A(x,y) — B(x’,y’) A, B correct
x'=x x=x
y'=hy y=%

substituting gives

(x'—a)2+(%— ) =7’

(v -a) (v =hb)

+ =1
r? h*r?
2 2

| | (x=af (1)
h =— equation of ellipse is + =1

2 2 2

4

Method 1

(x—a)2+(2y—b)2 = r?
on the y-axis x = 0 a’ +(2y—b)2 =2

2y-b=x\Nr?-d?

bxNr? - a*
2

The circle cuts the y-axis when

a’ +(y—b)2 =r?

y-b=x\r*-a’
y=bx\r’-da*

For the ellipse and the circle to intersect on the y-axis:

b+\r? - a?

2

y:

=b-\r?-d?

b+Nr? —a? =2b-2Vr? - &*
b=3Wr?-d?

b = 9(r2 —a2)
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TWO | Method 2
(a) Solve equations simultaneously:
contd 5 5 5 5
(x—a) +(2y—b) =(x—a) +(y—b)
2y-b= :(y - b)
2y-b=+y->b or 2y—b=—(y—b)
y=0 y—-b=-y+b
or y=22
Y73
. . . 2b
To meet on the y-axis x =0, so for the circle using y = 3
2
(x—a)2+(y—b) =’
2
24 (2b ) _ 2
377
2
b\ _ W2 2
13)
SR
Method 3
If the y co-ordinate of one point where the ellipse and the circle
intersect on the y-axis is y then the other is 0.5y,
2 2
For the circle, (x - a) + (y - b) =72 , when x =0,
V2 -2by+bP+at -1t =0
but the sum of these roots is 1.5y, and the product 0.5yl2 SO
3
Eyl = 2b
1y2=b2+a2—r2
771
1
and so l(EbZ\ = b +d’ —rz, iy —az, b = 9(1/2 —az).
2097 ) 9
TWO | Circle:
(b) 24y =r?
N

y= +/r? - x?

Since we require the top half of the circle,

y=+Vr’ - x’
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TWO
(b)

contd

Ellipse:

X%+ 16(y - r)? =r?

Method 1

2

X +y2=r2

.. Meet where (subtracting)

16(y-r)*-y* =0
4y-r)==xy
Sy=4ror3y=4r

Solving for points of intersection:
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TWO

(b)
Contd

A L SRy B
4
r2—x2(1+—)=r
2o
5
2
r2_x2=16r
25
x2=(1—£) 2
25
25
3r
X=x—
5

Area = 2[?@— [r—@]dx

=2J V22 Crde
_J V2 o dr —2fF rdx

using the substitution:

u-“”

m‘w S

5
4
5

X =rsinu x=0 wu=0
dx = rcosudu x=3—r u=sin_1(§\ =0.6435
5 |5

_]g

s 5 5
2J Z\/(rz — 12 sin’ u) rcosudu
0

3r
5

2J 2 P2 —x? dx
4

sin”!(3)
2[ —rcosu rcosudu
0

3
—2><5 zfgn '3) cos’ udu

-3
_5 Zsinl)

_Zr 1o i (0052u+1)du

Accept
decimal limit.
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= ér2 [lsin2u + u]
2

sin_1 (i)
5

5,
="y [s1nucosu+u]0

5,34 5, . (3
==y Ze—+=rsin | =
45 5 4 5)
3
5

"+ %rz sin”! (%)

3r
5

ir 612
JOS 2rdx = [2rx]0 =

Area=§r2+§rzsin_ —|-=r
5 74 |5) 75

sin™! (E\ - érz
\s)7s

= 0.204472

Area= érz
4

(2)()

THREE |Since y = k+llnk_J
m \x

(k)

k_glot) el

X
So the area A4 is given by

_ ., m(k-y) — mk %4 _—my
Afoke dy = ke foe dy

a

— kemk |:_le—my:| _ _Eemk (e—ma _ 1)
m 0 m

When _iemk(ema_1)=i.£emk
m 100 m
_(ema_l)=i (ﬁemk;ﬁo\
100 |m J
100
100 - p

1 ( 100 )
a=—In .
m \100-p

Or equivalent.
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THREE
(a)(i)

v = k2" gy

V= nszge_zm(y_k)dy = nk?

2
mk (e—2m(a—k) : ezmk)
2m

_ﬁGka (e—2ma _ 1)
2m

14
So if — <™
A

_LkZGka (e—2ma _ 1)
2m mk

=¢C

1, (2 A\
az—-——Infj—-1j=—1In
m kJ‘Ek J m L

Method 2

J_l:k(e—2ma _ 1)

=<1,
Zie_ma—li

nk(e_zma - 1) > Z(e_ma - l) sincee™™ -1<0

ke ?™ —2e¢™™ +2 —mk =0, and since "™ >0

(2 - nk)ezma -2 + k=0

(em" - 1)((2 - nk)em“ - J'I:k) =0 but "™ >1 forma> 0, so
(2 - n:k)em“ -nk=0

e = k and azlln( k)
2~k m \2-nk)

If not
simplified: —1
mark.

Or equivalent.
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THREE
(b)

. 1
y = xsinnx + —cosnx
n

ay = SIn X + nX CcoSnx — sinnx

= NXCOS NX

I -1 _

(in—shafo o som (s st
> - x|sin({n—= =
zn X |sin X cosec, X —( 7 —x|sin|n——|xcosec x

T — x)cosec1x(sm(n+%)x—sin(n—%)x)dx
- x)cosec x(2cosnxsm;x)dx

T —x|2cosnxdx

T

T 2 ) :
—sinnx - —2(nx sinnx + cos nx)] using the first result
0

[
=(%Sinnn—n—zz(nnsmnn+cosnn)) (%sinO—%(mrsin0+cosO))
(O—£(0+1)) (0—£(O+1)) for n even
n
=0 for n even
( ——0 1) (O—l(OH)) for n odd
n2
2
=—+_
2 2
=iz for n an odd number.
n
1o =0 (given)
=1(nodd), II—IO=£12 SO Il=£i2
4
n=2(neven), I,-1;=0 so 12=11=1—2
4 4 4
= 3(n odd), 13—12=3—2 50 13=3_2+1_2
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Three 4 4
(b)contd [n=4(neven), I, -I;=0 so I4=I3=—2+1_2
4 4 n 1
n even, 1n=—2+—2+ ........ + 5 =4y .
4 4 4 n 1
nOdd> ]}’l=_+_+ ........ +—=42—
12 3 n? 1%

> notation
not required.
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FOUR |Method 1

()@@ &y dy di 6
A dr dx
7'(1)
d?>y d (dy
s
_d/dyyde
- dt(dx) dx 1
=f’(t)g”(t)—g’z(t)f”(t). ,1 )
[ (2)] (1) must be
=0 present.
then
r()e(e)=g(e) (e) =0
7'(t)g"(e)=g'(e)r(¢) Accept
By ) function
@.d_y_d_y.d_x notation.

as required.

Method 2

d? v ) .

— = so integrating wrt x

dx

dy . . .

a = k constant, and integrating again wrt x
y=kx+c ¢ constant

Differentiating this wrt ¢ twice

2 2
d—y=k% and then d_y= d_x
e dr d?  ds?
2 2
Hence % ° d_y = % ° d_x

dr g2 dr 42

2 2
butk=d_y’sogod_y=d_yo%od_x
A’ dr g2 dxodr g
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and — =

Method 3
&y _d(d)
a el dx)
_d(dy dr)
Tl dr dx
d(dy\dr d[de\dy
= = — 4 —] — | =
deldr Jax " dxldx) ar
_dfd\(d) dr by
dildarJlax) " g2 ar
_Epfany @ dy
a? \dv) g ar
At (dr)”
but —=|—
d |ar)
o (0T d
o \dt) g7 &
__Exfary’
ar* | dx
2y(d\’ [ @) dy
hence ——|—| =- __ZL_) -
ar? | v de* \dx) | dr
d’y v _d’x dy
dl‘2 dt dt2 dr
Method 4
d2y
? = so integrating wrt x
d—y=k=d—y°E andsod—y=k%
dx dr dx dr dr
Differentiating this wrt ¢
2 2 2 2
t
dy=kdx anddy=d—y'd—°d—§ SO
d? ds? dr?  dt dx gy

d’y dv _d’x dy
dt2 dt dt2 dr
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FOUR
(a)(i)

X = acost+%b0052t

dx ) )
— = —qgsint — bsin 2¢

—— = —qcost —2bcos2t

d’x
dr?

y = asint + %b sin2t¢

d

Y_ acost + bcos2t

dr

2
d_y = —qasint — 2bsin 2t
dt

2

d
For points of inflection —;} = 0, and using the result from 4(a)(i)
dx

(—asint - bsinZt)(—a sinf — 2bsin2t)

—(acost + bc0s2t)(—acost - 2bcos2t) =0

a’sin’ t + 2absintsin 2t + absintsin 2 + 2b% sin” 2t +

a® cos>t + 2abcostcos2t + abcostcos2t + 2b% cos> 2t = 0

a’ (sin2 t + cos? t) + 3ab(costcos2t + sintsin2t) +
20* (sin2 2t + cos’ Zt) =0

a* +3abcost +2b* = 0

—(az-k2b2)

o

COSt =

FOUR
(b)

%odz_y_kd_y
dy dx?  dx

=k — Letz=d—
dx

1
——=kx+ C butz=1whenx =0 (given), so C=-1
z
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1
FOUR o — 1

(b) z
contd | dy 1
A 1-kr
y=J—i—dx=-lmh-mp{?muwmnx=ay=1@wm)
1- kx k
soC=1
y=1-zmh-m\

1 1
and when y =2, 1=—%ln‘1—kx, 1—kx=e_k, x=%(1—e_k)

d 1 1
so when y =2, LA S -
dx 1-kx e_k
Or
Letd—y=p,thend—y=d—pp
dx dx?  dy
2
andsofor—°d§=kd—y
dy dx dx
dp .
p®—@
1
—dp=Fk([dy and
[rdo=kf
In|p|=ky+C
p=Aeky

but when y =1, p=%=1,so A=eF

p=ek(y'1) and sowheny=2 p= —ef

Y
dx
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FIVE
()

cos(2A + B) = Cc0s2AcosB -sin2Asin B
= (2cos2 A - l)cosB —2sinAcosAsin B

A= B =0 then

1
Zcos39 =— [cos29cos6 - sinZHSinH]

-(20052 0- 1)0059 - ZSinHCOSHSiHH]

-200536 —cosfO - 20050(1 — cos? 6)]

-4cos3 0- 3cos9]

=cos°0 - Ecost9
4

27x° —9x =1

2
Let x = ECOSH

(2N (2
27L§COSQJ —9k§cost9J =1

8c0s> 0 — 6cosO =1

cos3t9—§cos(9=l
8 8
00539—Ecost9=l
8
1
—cos3¢9=l
4 8
1
cos30 = —
36=E, 2n—E, 2n+£,
3 3 3
g T ST Tn
9 9 9

The product

Tn 1

n  3n 5w [ 1)\[3 1
COS—COS—COS—COS—— = —| — || — —
9 9 9 9 2l27)12

16"

\3
)

Marks of 2, 4,
and 2 for the
parts may be
given
independently.
Only one
minor error
(ME) allowed.

Accept use of
general
formula.

Decimals: —1
mark.

One solution
only, ME, 5
marks

Hence must be
used.

Accept
decimal
0.0625 only if
fractions
present.
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Ave |1, 3 5 —(k+D)(k+2)+6k(k+2)-5k(k+1)
(b) 2k k+1 2(k+2) 2k(k +1)(k +2)
_ —(k® + 3k +2)+ 6k + 12k - 5k* - 5k
2k(k+1)(k +2)
O 202k-)  2%-1
2k(k+1)(k+2)  k(k+1)(k+2)
knf 103 5
so f(n)= -——+ - .
Jim) ,21( 2k k+1 2(k+2))
1 3 3
=——4 ——
f(m==2+3 A
Terms cancel out in
threes, leaving just 6.
31 5 3 5 Cancelling not
= ——+ _——_—— - .
Jm= 2 4 2n+ 1) n+l 2(n+2) required.
1 5
= — 4 -
T = S ) 2n+2)
- N 3 Or equivalent
soas n—>o, f(n) 4 alternative
method.
SIX 2 2 2 2
(a) 4x° - y* =16hx + 2hy + 15h” —4a” =0 Marks of 2, 2,

4(x? = 4hx) - (y* = 2hy) = 4a® - 15h*

4(x = 2h)* = (y - h)? = 4a® - 15h* +16h* - h* =4a®

and

(x=21n° (y-h)’
a’ 4q?

and this is a hyperbola centre (24,h).

-1

b2 4 2
Since > =1+—, e2-1=i2=4.
a a

So the given line is y = 4x, with gradient 4.

and 2 for the
parts may be
given
independently.
Only one
minor (ME)
allowed.
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SIX | 2(x-2h) 2(y-h)dy Or
() > - > - 0 differentiating
Contd a 4a”  dx the original
dy 4(x-2h) form.
Fe y—h Gradient must
be correct.
and whenx=p, y=g¢q
4 p-2h
& = M and so
dx q-h
4(p-2h)
g-h
p-2h=q-h, p-q=h.
SIX G =(-ae,0)= (—a\/g,O) ; F=(ae,0)= (a\/g,O) for a standard
(b)  |hyperbola, so

Either:

2h
We can work with these points and then translate the line by ( 5 )

2
(a\/g) y2 yZ
For A: > 2=1, 2=5—1=4,y2=l6a2,y=:4a
a 4a 4a
So A =(a/5,4a) and the line AG is:
-0= x+a5
Y a 5+a\/_( )
2
~(x+a5
y=5lreads)

2h
then translating the line by ( P )

y-—h=

(x—2h+aw/§) or

T

w/§y=2x+(w/§—4)h+2aw/§.

Or:

2h
with a translation ( P ) of the points first we get

G = (2h-a\5,h), F=(h+a\5,h)
Hence for A
Qh+av5-2hn)?  (y-h)

- =1
a’ 4q>

Or equivalent.
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SIX (b) (y- h)2
Contd 102 =5-1=4
y—h=\/16a2 =4a and y=4a+h.
For both
A=Qh+av5,4a+h). Aand G.
Hence the equation of AG is given by:
4a+h-h Accept with
y-h= x-(2h-a 5 Lk
2h+ a5 - (2h - av5) ( ( ) ) simplified
. 2
2 gradient —.
m/_( ~(2n- aw))=_5( —(2h—aw/§)) . N
'\/—y =2x+ ('\/— - 4)h + 261’\/_ . decimals.
SIX Since i i 1 gives dy b m —ble X _ma2 y
> T 5 = =, -m= » X1 = 1
(¢) 2 b dx azy azyl 2
But
x2  y?
1 1
a—z -5 = 1 and so
2
1 (may\" y®
) k ) b2
Accept the
N (mzaz - bz) b* alternative
2
b2 i mia? - b
n==

v m’a® - b*

b2
Since y = mx - —
Vi

y=mx =+ m?a® - b?

Or:
in
MW _
a’> b’
ma’®
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SIX 2 2
(©) (mx—y)=b—=b—=i m?a® - b*
contd *

and y=mx:\/m2a2—b2.

SIX | This question is equivalent to the problem obtained by translating the 8
(d) hyperbola and using

2 2
X
S 1 and a tangent through the point (2—a,0) .
a*  4a 3

Using the answer to part (¢) and the point (2?61,0)

5m? = 36, m= :% and we want the + sign as asked so

6
V5
. bx 2ax
The asymptote is = — = —— =2x, with gradient 2. 6
a a

6
2
tanor = ml—mz _ \/g =6—2\/§

C(6-295)(V5-12)  3005-s2 _ 82-3045
C(Ver2)(V5-12) 139 139

and

(2(41- 15J_)

= tan~ L

An aggregate mark of 120 from six questions was used in Scholarship Calculus. In 2005, candidates who achieved 47-120
were awarded outstanding scholarship, and candidates who achieved 20—-46 were awarded scholarship.




